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Introduction to programming problems

Programming problems deals with the use or allocation of resources in the
best possible manner in terms of minimizing cost or maximizing profit.
Resources are materials, labour, machines, transportation capacity, energy,
capital and so forth. In general resources are limited. In this course four types
of programming are introduced:

» Linear programming (today)

» Dynamic programming (covered later)

» Non-linear programming (covered later)

» Stochastic programming (covered later)
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Linear programming

Linear programming deals with problems defined by the following conditions:
1. The decision variables are non-negative

2. The objective function is given as a linear function of the decision variables.
The linear assumption implies that only the first powers of the decision
variables are included, and no cross terms are allowed.

3. Constraints in terms of limitation of resources can be expressed as a set of
linear equations or linear inequalities.

LP problems are solved by hand (SIMPLEX), Excel or Python.

@ NTNU | séancandrecinons



Motivating example

Consider the shipment of goods from Trondheim to Oslo

Max 100 units

=0™0
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Motivating example

» Consider the shipment of goods from Trondheim to Oslo
> The truck has a capacity to take 100 units

» There are four products types that could be transported. The profit per
unit depends on the the product type and are given by ¢; =10, ¢, = 5,
¢3 = 8 and ¢4 = 4 for product type 1,2,..., 4. Let x; denote the number of
units to take of product type j.

» The objective function is then given by:

Z(X1 , X2, X3, X4) = 10X1 + 5X2 + 8X3 + 4X4 = C1X1 + CoXo+ C3X3 + Cs4X4
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Motivating example, cont.

There are some constraints in addition to the truck capacity. The customer in
Oslo has storage restrictions implying that 2x; + 3x» cannot exceed 50. Further
there is a maximum of 50 units available in Trondheim of product type 3. The
constrains can thus be formulated by:

Xy + Xo+ X3+ X4 < 100 = by
2X1+3x2 <50 =bo
X3 <50 = bs

In this problem it is quite obvious that the number of units cannot be negative,
hence xy >0,x0>0,...,x4 >0
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http://folk.ntnu.no/jvatn/eLearning/TPK4191/examples/Excel/TrondheimOslo.xlsx
http://folk.ntnu.no/jvatn/eLearning/TPK4191/examples/Python/TrondheimOslo.py

Linear programming problem on standard form

A linear programming problem generally comprises an objective function to
maximize or minimize, and a set of constraints. The objective function, Z() is
always a function of the decision variables x;,j = 1,..., n but usually we do not
explicitly state this relation on the left hand side of the equation:

Maximize: Z = C1 X1 + CoXo + - - - + CnXp
Subject to: aj1x1 + ai2X2 + - - - + A1 nXn = by

as1X1 + aoXo + -+ AopXp = b2

am1X1 + @maXe + -+ + @mpXn = bm
Xy >0,X%>0,...,x,>0
by >0,b>0,...,bn >0
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Short version

n
Maximize: Z = Z CiXj
j=1

n
Subject to: Z ajxj=bj,i=1:m
=1
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Linear programming problem on matrix form

Maximize: Z = cx
Subject to: Ax=b

x>0
b>0
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Number of constraints vs number of non-negative
variables

v

If m =0, no solution exists if at least one ¢; > 0

lfm=1:
> There will be one x; > 0, say j = k, and x; = 0 for j # k
> The constraint coefficients need to bound all x;'s where ¢; > 0
> The positive x; will be the one with the largest corresponding ¢;

If m =2, more than one x; could be > 0, and maximum two x;'s are > 0

In general we will never have more x;'s > 0 than m, and usually the
number of positive x/s =m

v

v

v
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Converting to standard form

The motivating example was not exactly on standard form because there were
some inequalities in the constraints, i.e., - -- < b; rather than - -- = b;. In other
cases there are other types of restrictions that do not completely match the
standard format of the problem. The following steps may be used to
transform a linear programming problem into standard form:

> If the problem is to minimize Z convert the problem to a problem that
maximizes -Z.

> Ifthereis a less or equal inequality in one or more rows of the constraints,
i.e., X1 ;X < bj, convert it into an equality constraint by adding a
nonnegative slack variable s; yielding the resulting constraint:
2]’-’:1 ajX;j + si = bj, where s; > 0.
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Converting to standard form, cont.

> If there is a greater or equal inequality in one or more rows of the
constraints, i.e., 3.7 a;x; > b;, convert it into an equality constraint by
subtracting a nonnegative surplus variable s; yielding the resulting
constraint: 27:1 ajXj — si = bj, where s; > 0.

» If some of the b;'s are negative, multiply that constraint equation by -1.

> If one of the decision variables, say x; is unrestricted in sign, replace it by

xja - ij everywhere in the problem formulation and add to the
constraints: x/ > 0 and ij > 0.

Note that s;, xjta and ij will be renamed to maintain a set of n decision
variables, x;,j=1,2,...,n.
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SIMPLEX

» The SIMPLEX method is used to maximize the objective function with
constraints

» The term system is used to denote an objective function with related
constraints

» Two systems are said to be equivalent if they have the same solution set

> In the SIMPLEX method the original system is in a stepwise manner
transferred to equivalent systems until we easily can read the solution
from such an equivalent system
> Such a procedure is similar to the classical Gauss-Jordan elimination
procedure for solving a system of linear equations, i.e., we may:
> Multiply any equation in the system by a constant
> Add to any equation a constant multiple of any other equation in the system

@ NTNU | séancandrecinons



SIMPLEX, cont

> Itis an objective in this course to be able to solve a LP-problem by the
SIMPLEX method - i.e., “hand calculation” on the exam

» Note that in some textbooks the SIMPLEX method is formulated slightly
differently. If you have learned an alternative formulation, use it!

» When we have learned the SIMPLEX, we stick to Excel or other tools for
the tedious work, and the focus is on the modelling part

@ NTNU | séencandrecionsy

13



Motivation 1
If we have a system where the constraint coefficients look like:

Subject to: a11X1 +0x0 +0x3 + 1x4 = by
ao1X1 +0xo + 1X3 +0x4 = bg
asixXq + 1X2 +0X2 +0X4 = b3

and if we know that only xo, x3 and x4 are > 0, then we easily read the solution

X4=b1
X3 = by
Xo = bs
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Motivation 2

Subject to: aj1x1 + 0xo + Ox3 + 1x4 = by
ansi1Xq +0X2 + 1X3 +0X4 = b2
asi1 X1+ 1X2 +0X2 +0X4 = b3

» The zeros (0) and ones (1) in this equation is the magic, and since we know
that maximum m(= 3) positive x;'s, we need m x;'s having coefficients 0 or
1 in order to read the solution directly from the constraints equation

» We are allowed to manipulate the constraint equations:

> We need mvariables with coefficients 0 or 1, i.e., basic variable
> We can switch which set of variables are basic variables, if this increases Z

@ NTNU | séencandrecionsy



Definitions

>

Basic variable. A variable x; is a basic variable if and only if a; = 1 for
exactly one equation, say i, and a, = 0 for all other equations, i.e., k # I.

A pivot operation for a specific variable is a set of matrix operations where
one system is transformed to an equivalent system where that variable
becomes a basic variable

A canonical system is a system where there is at least one basic variable in
each equation. This means that the number of basic variables equals the
number of equations.

A basic solution is obtained from a canonical system by setting the
non-basic variables to zero and solving for the basic variables

A basic feasible solution is a basic solution where the basic variables are
non-negative.
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Manipulation of constraints equations, recall:

SUbjECttOZ a11 X1 +0X2+0X3+1X4=b1 (1)
ao1 X1 +0xo + 1X3 +0x4 = b2 (2)
as1Xy+1xo +0xo + 0x4 = b3 (3)

v

X0, X3 and x4 are basic variables, whereas x; is a non-basic variable which
always takes the value 0

We can swap e.g., xy and x3 and test if this gives a better value of Z

Such an operation is denoted a pivot operation

To do this we can

> Multiply any equation in the system by a constant
> Add to any equation a constant multiple of any other equation in the system
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Manipulation of constraints equations - Demonstration

Subject to: aj1xq + 0x2 + 0x3 + 1x4 = by (1
1x1 +(0/a21) X2 + (1/@21) X3 + (0/a@21) Xa = b2/ a24 (2)
asi1 Xq +1X2+0X3+0X4 = b3 (3)

» For (2): Divide by ay4

> This gives the new a,, = 1 in front of x

» For xo and x4 we maintained 0 in front of the variables as required for the
remaining basic variables for this equation
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Manipulation of constraints equations - Eq. (2) done

Subject to: aj1Xxy +0xo + 0x3 +1x4 = b1 (1)
1x1 +0xo + a’23x3 +0x4 = bé (2)
as1 X1 + 1X0 + 0X3 +0x4 = b3 (3)

» For (1) and (3), we need to get rid of a;; and as;
» For (1): Subtract (2) x aq4, i.e., (1) < (1) - (2)xa1+
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Manipulation of constraints equations - Eq. (1):

Subject to: (a11 —aj1)xg +(0—a110)xo + (0 — 8113/23)X3 +(1-2a110)x4 = by — a1 b
1x1 +0x0 + 3/23X3 +0x4 = bé
az1X1 +1x2+0x3+ 0x4 = bs

rewriting:

Subject to: 0xy + 0x2 + &)5X3 + 1x4 = b]
1Xx1 +0x2 + @y X3 + 0x4 = bj
az1X1 + 1xo + 0x3 + 0x4 = b3

repeat for (3)..., and we are done
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SIMPLEX idea

» Ensure that the system is on standard form,
Max: Z =cx,s.t.. Ax=b>0,x>0

» Manipulate to get m basic variables, i.e., a system on canonical form

» For a system on canonical form we can “read” the solution, i.e., we find a
feasible solution

» We try to improve the feasible solution by swapping basic variables

> Find the non-basic variable that would be best to change to a basic variable
> We need to “kick out” one basic variable, find the most appropriate one

> Repeat until we can not improve the solution
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Demonstration of SIMPLEX by our transport example

» Introduce slack variables x5, X and x7 to get on standard form:
Maximize: Z = 10x1 + 5Xo + 8x3 + 4X4 + 0x5 + OXg + 0x7
Subject to: X1 + Xo + X3 + X4 + 1x5 + 0xg + 0x7 = 100

2X1 +3Xo + 0x3 + 0x4 + Ox5 + 1X5 + Ox7 = 50
0xy +0Xxo + X3+ 0x4 + Ox5 + Oxg + 1x7 = 50
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Tableau without slack variables

The problem has now been formulated on standard form and the

A so-called tableau is used to organize the equations and intermediate

The figure shows the initial tableau where row 2 contains the objective
function coefficients, and rows 7-9 contain the constraint coefficients
To keep track of the basic variables, k;, column B for rows 7-9 are used for

B © DN ENNENNGHNH

X; X, X3 X4

Basic var. Upperlimit b; a; a, a; ayu
100 1 1 1 1

>
manipulation of equations may start
>
results
>
| 2
this purpose.
A
1 Variables:
2 Objective function coefficients:
3 Variable values:
4 Relative profit:
5 Number of variables
6 Number of constraints
7 Constraints coefficients
B NTNU ‘ Nor§/e ian University of
Scieﬁcfand Technology
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Tableau with slack variables

Variables:

Objective function coefficients:
Variable values:

Relative profit:

X1 X, X3 X4 Xs Xg X7

Number of variables 7

Number of constraints 3

Constraints coefficients Basic var. Upper limit b;
5
6
7

» We have added slack variables xs, x¢ and x;, = “magic” basic variables
» Inserting values for basic variables results in zero profit, i.e., Z=cx=0
» Itis time to calculate relative profit for the non-basic variables
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Improving the solution

» For each non-basic variable x; consider to increase it with one unit, i.e.,
fromOto 1
All basic variables must then be reduced to maintain the constraints

Let xi, be the basic variable in constraint equation /. Since per definition
aj k, equals one we need to reduce the value of xi, by a;;

Such a reduction will reduce the objective function by ¢ a;
The relative profit by increasing x; by one unit is then:

vy

vy

m
RP;=c¢j - Z Ck;aij
i=1

We calculate the relative profit for each non-basic variables, and proceed with
the best one
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Demonstration for variable x;

RP; =c1—05><a1,1—06><a2,1—07><33,1=10—0><1—0><2—0><0=10

¢y = increased value of Z by increasing x; from 0 to 1

Cs X ar.1 = is what we loose to fulfil constraint equation 1
Cs X a,1 = is what we loose to fulfil constraint equation 2
¢7 X as.1 = is what we loose to fulfil constraint equation 3

vV v.vyy
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VBA Code, RP

Function jRP(AQ), b, cO, n, m, ki)
For j=1Ton
RP = c(j)
For i =1 Tom
RP = RP - c(k_i(i)) * A(d, )
Next i
If RP > bestRP Then
bestRP = RP
jReturn = j
End If
Next j
jRP = best]
End Function
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Tableau with relative profits calculated

Variables: X; X; X3 Xz X5 Xg Xz

Objective function coefficients: 10 5 8 4 0 0 O

Variable values: Z=0 100 50 50

Relative profit: 10 5 8 4 0 0 O

Number of variables 7

Number of constraints 3

Constraints coefficients Basic var. Upper limit b; a; a;, a3 ay a ag a;
5] OO 1 0 O
6 EOEPEEEEN Y] 0 1 O
7 O] o0 o0 1

» Since ¢, = 0 for the all initial basic variables in the example, the relative
profit equals the corresponding coefficients in the objective function

» Since RP¢ has the highest value, x; is the non-basic variable to add to the
system
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Which basic variable to remove?

» To find out which basic variable to remove we calculate an upper limit for

the increase of x; (j = 1 in the example) for each constraint equation such
that the basic variable is still non-negative

> For equation j we only consider the variables x; and xi,, where x,, may be
reduced to 0, hence

8j,jX; + ;X = bj
= UL; = b,-/a,-,,-

yielding
Variables: X; X, X3 X4 X5 Xg Xz
Objective function coefficients: 10 5 8 4 0 0 O
Variable values: Z=0 100 50 50
Relative profit: 10 5 8 4 0 0 O
Number of variables 7
Number of constraints 3

N onstLrJalnts cote))‘flcflents Basic var. Upper limit b; a; a;, a3 a, as a; aj

orwegian University o

B NTNU ‘ Science and Technology 9 BN} 100 11 1 1
6 25PN 0 1 0
7 1E+30 0 0 0 o 0 1




Which basic variable to remove?

Variables: X; X, X3 X4z X5 Xg Xz

Objective function coefficients: 10 5 8 4 0 0 O

Variable values: Z=0 100 50 50

Relative profit: 10 5 8 4 0 0 O

Number of variables 7

Number of constraints 3

Constraints coefficients Basic var. Upperlimit b; a;, a, a3 ay a ag a;
5 ulo) 100 1 1 1 1 1 0 O
6 PI] 50 2 3 0 O S¢RE )
7 IE+30MEINOENN Y] 0 0 1

» We see that it is constraint equation number 2 which limits the increase
and hence the improvement in the objective function

» Basic variable xg in the second row of constraint equations will now be
replaced by xy which will be the new basic variable

» The second row is denoted the pivot row in the system
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VBA Code, UL

Function iUL(j , AQ), b, n , m)
lowestUL = 1E+30
For i =1 Tom
If A, j) > O Then
UL = b(i) / AGL, )
If UL < lowestUL Then
lowestUL = UL
iReturn = i
End If
End If
Next
iUL = iReturn
End Function
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Pivot operation

> A pivot operation is applied to make x;, i.e., x; the new basic variable in
the pivot row, i.e., i =2
» Step 1: Divide all the numbers in the pivotrow by a;j = a> 1 =2
> This will ensure that the coefficient of the new basic variable in the pivot row
equals 1

> Step 2: For each of the other equations, say row k, the coefficient of the
new basic variable should be 0

> This is obtained by subtracting a constant multiple of the pivot row equation
to each row

> The multiplication constant is a ; for equation k
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Tableau with variable x; inserted as the new basic
variable

Variables: X; X; X3 X4 Xs Xg Xz
Objective function coefficients: 10 5 8 4 0 0 O
Variable values: 7=250 25 0 O O 75 0 50
Relative profit: 10 5 8 4 0 0 O
Number of variables 7

Number of constraints 3

Constraints coefficients Basic var. Upper limit b; a;, a;, a3 a, a ag a;

5 gl 75 0 -1 1 1 -1 o0
1 b1 25 1 15 O 005 O
7 1E+30 IO R R R | o 0 1

» When the new values of the basic variables are calculated we see that the
objective function has increased from 0 to 250
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VBA Code, Pivot

Function doPivot(i, j, AQ, b, n, m)
h = A, 3D
b(i) =b@E) / h
For jj=1Ton
A(i, jj) = A, jj) / h
Next jj
For k =1 Tom
If k <> i Then
h = Ak, )
b(k) = b(k) - h * b(i)
For jj=1Ton
Ack, ji) = Ak, ji) - h * AL, j1)
Next jj
End If
BN U | s Tecnorey

End Function
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Towards the final solution

» In the compendium we show the final steps to complete
» First variable x3 should replace variable x7 in row 3
» Then variable x4 will replace variable x5 in row 1

» Then there are no non-basic variables that will improve the solution, and

we are done

Variables: X1 X, X3 X4 X5 Xg Xz

Objective function coefficients: 10 5 8 4 0 0 O

Variable values: Z=750 25 0 50 25 0 0 O

Relative profit: 0O 8 0 0 -4 -3 -4

Number of variables 7

Number of constraints 3

Constraints coefficients Basic var. Upper limit b; a; a, a3 ay as ag a;
4 I 25 0 -1 0 1[I
1 1E+30 LN Nl 0 05 O
3 IE+30 IR EN] 0 0 1

The final solution is given by x; = 25, x> = 0, x3 = 50 and x4 = 25 giving a final
objective function equal to Z = 750
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http://folk.ntnu.no/jvatn/eLearning/TPK4161/Examples/LP_step_by_step.xlsm

How to get an LP problem on standard form

» Add slack variables to translate < to =
» Add surplus variables to translate > to =
» Use “Big M"” to get enough basic variables
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How to get an LP problem on standard form - Example

Maximize: Z = ¢1 Xy + CoXo + C3X3

Subject to: aj1Xq + A12Xo + a13X3 < by
a1 X1 + AxoXp + Ap3Xz > b2
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Add slack variable

Maximize: Z = ¢1 Xy + CoXo + C3x3 + 0X4

Subject 10: a11X1 + a12X0 + A13X3 + 1X4 = b1
801Xy + 8ooXo + Ao3X3 + 0X4 > bo
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Add surplus variable

Maximize: Z = ¢1 Xy + CoXo + C3X3 + 0X4 + 0X5

Subject 10: a11X1 + a@12X0 + Q13X3 + 1x4 +0x5 = b1
o1 X1 + oo Xo + o3 X3 + Ox4 —1x5 = b2

Note the -1 in from of the surplus variable x5 prevents it from being a basic
variable, we need another basic variable:
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Add “Big M" variable

Maximize: Z = ¢ X1 + CoXo + C3X3 + 0X4 + Ox5 — Mxg

Subject 10: a11X1 + 812Xo + A13X3 + 1x4 +0X5 + OXs = b1
o1 X1 + oo Xo + o3 X3 + Ox4 — 1x5 + 1X6 = bg

X4 and xg are now basic variables, and the “Big M” variable xg will be removed
in the first SIMPLEX iteration if M is large
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Shadow prices

> In constrained optimization like an LP problem, the shadow price is the
change, per infinitesimal unit of the constraint, in the optimal value of the
objective function obtained by relaxing the constraint

» This typically means that the shadow price associated with a resource tells
how much more profit one would get by increasing the amount of that
resource by one unit, or put in another way, “How much one would be
willing to pay for an additional resource”

» Calculating shadow prices can help us prioritizing where to start
improving “framing conditions”, for example increase the capacity of the
truck
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Step by step - Excel

» The course compendium shows step by step what we need to do in Excel
> Here we
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http://folk.ntnu.no/jvatn/eLearning/TPK4161/Examples/LinearProgrammingIntroExample.xlsx

Example - Production Scheduling

» We are scheduling the next 4 weeks of production

» The weekly demands are 300, 700, 900 and 800 items for the next 4 weeks

» Normal production cannot exceed 700 units per week, but it is possible to
use overtime to produce up to 200 extra units per week in week 2 and 3

. Max normal product
\:\ Max overtime produ

. Demand

»

900
800
700
600
500
400
300
200
100

I Y I I B

Week 1 Week 2 Week 3 Week 4
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Example - Production Scheduling, cont

We are scheduling the next 4 weeks of production

The weekly demands are 300, 700, 900 and 800 items for the next 4 weeks
Production cost is $5 for week 1 and 2, and $10 for week 3 and 4

Normal production cannot exceed 700 units per week, but it is possible to
use overtime to produce up to 200 extra units per week in week 2 and 3
but then at an additional item cost of $2

» Excess production can be stored at a cost of $3 per item (from one month
to the other):

Variable/Quantity Explanation

vyvyyy

X,i=1:4 Normal production week i

d,i=1:4 Demand week /, = {300,700,900,800}

X5, Xg Overtime prod. in week 2 and 3 respectively
X, i=7:10 Stock level at end of week i — 6
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LP equations

Minimize: Z =5x; +5x5 + 10x3 + 10x4 + 7X5 + 12x5 + 3X7 + 3xg + 3Xg + 3Xq¢

Subject to: x; < 700
X2 <700
X3 <700
X4 <700
x5 < 200
Xs < 200
X1 = 300 + X7
Xo + X5+ X7 = 700 + Xg
X3 + Xg + Xg = 900 + Xg

N ian Uni ity of =
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LP equations, rearranging to clean the right hand side:

Minimize: Z =5x; +5x5 + 10x3 + 10x4 + 7X5 + 12x5 + 3X7 + 3xg + 3Xg + 3Xq¢

Subject to: x; < 700
X2 <700
x3 <700
X4 <700
x5 < 200
Xs < 200

X; — x7 =300
Xo + X5+ X7 — Xg = 700
X3 + Xg + Xg — Xg = 900
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Excel

Variables X1 X, X3 X4 X5 Xg Xz Xg Xg Xgpo

Objective function coefficients (c;): 5 51010 71D 3 3 3 3

x-Values 400 700 700 700 200 0 100 300 100 0
Vel 22 400

Constraint equations dy a; d;3 Gy G5 G G dig G G0 b Zaxph;
1 700
1 700
1
1
1
1
1 -1
L 1 1 -1
1 1l 1 -1
1 1 -1
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http://folk.ntnu.no/jvatn/eLearning/TPK4161/Examples/Linear_Programming_Production_Production_planning_problem.xlsx

Solution

Max normal production
Max overtime production
Demand

Actual production

e

900 — ]
800 —|
700 —| — —
600 —|
500 —|
400 —
300 —
200 —
100 —|

Week 1 Week 2 Week 3 Week 4
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https://jvatn.folk.ntnu.no/eLearning/TPK4191/examples/Python/productionScheduling.py

Python considerations

» The standard Python approach for solving LP-problems is to use linprog
from the scipy.optimize package

» In linprog one can specify A and b for both “upper bound” constraints
and equality constraints.

> Inthe provided by TPK4191 a set of functions are provided where
each constraints could be added to the model one by one

> in 1pLib.py thereis also a balanceConstraint function where it is possible

to specify +x;, +Xj,...,+Xx, = bwhere {i,}, ..., n} indicates a subset of the
decision variables. Typically “holding start + produced + used = holding
end”.
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https://jvatn.folk.ntnu.no/eLearning/TPK4191/examples/Python/lpLib.py

Example - Product mix

A company manufactures three products, A, B and C. Below is shown the
resources required for each product:

Company Engineering hours Direct labour hours Materials (kg)

A 1 10 3
B 2 4 2
C 1 5 1
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Example - Product mix, cont

The company offers discounts for bulk purchases giving a sales dependent
profit per unit as shown below:

A A B B C C
Sales Unit Profit Sales Unit Profit Sales Unit Profit
(Units) (%) (Units) (%) (Units) (%)
0-40 10 0-50 6 0-100 5
40-100 9 50-100 4 Over 100 4
100-150 8 Over 100 3
Over 150 7

Resource constraints for the scheduling is 100 hours of engineering, 700
hours of labour and 400 kg of materials available
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Example - Product mix, cont

» For product A we label the first 39 units A¢, then units from 40 up to 100
with label Ay, units from 100 up to 150 with label A3 and units from 150
and above with label A4

» Similarly for product B, the first units up to 50 are labelled B; and so on

» The decision variables are x;,i = 1 : 4 number of units with label A;,

X;, 1 =5 : 7 number of units with label B,_4 and x;, i = 8,9 number of units
with label C;_7
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Objective function

Maximize: Z = 10x1 + 9Xo + 8X3 + 7X4 + 6X5 + 4Xg + 3X7 + 5Xg + 4Xg

Subject to: x; < 39

Xo < 60

X3 <50

X5 < 49

Xg < 50

Xg < 99

Xy + Xo + X3 + X4 + 2X5 + 2Xg + 2X7 + Xg + Xg < 100

10x1 + 10x0 + 10x3 + 10x4 + 4X5 + 4Xg + 4x7 + 5Xg + 5x9 < 700
3X1 +3Xo + 3X3 + 3X4 + 2X5 + 2Xg + 2X7 + Xg + Xg < 400
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http://folk.ntnu.no/jvatn/eLearning/TPK4161/Examples/Linear_Programming_Production_mix_problem.xlsx

Mixed integer programming

>

>

Many LP problem formulations put additional logical constraints on the
decision variables

Typically some of the decision variables are restricted to integer values or
even binary variables

l.e., we have a mixed integer programming problem

A naive approach to mixed integer programming is to ignore the integer
constraint and solve the problem as if it was an ordinary LP problem and
then take the nearest integer from the continuous solution for those
variables

The branch and bound (B&B) algorithm is maybe the most widely method
used for solving mixed integer problems in commercial computer codes
B&B cannot guarantee that we find an optimal solution in reasonable
computational time, but it performs rather good

The B&B is exemplified in the course compendium
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Production scheduling with fixed costs

» We will now revisit the scheduling problem but assume that there is a
fixed cost in addition to the variable cost if there is a production in period i

» Numbers are slightly changed from the example and shown on the next
slide

» The introduction of the binary variable is a tricks to take fixed costs into
account

» We will let Excel help us with the optimization
» But we need to formulate the problem first
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Production scheduling with fixed costs

Quantity Explanation
Xj Normal production in period j, i.e., number of items produced
Cn,j Normal production capacity in period j, = 700 Vj
Ci,j Cost per item produced without overtime in period j, = {5,5,10,10}
Crj Fixed cost in period j if x; > 0, =3 000 Vj
Y indicator variable for production in period j, y; = 1 if x; > 0
d; Demand in period j, = {500,300,900,800}
7 Items produced by means of overtime in period j
Co,j Overtime production capacity in period j, = 200 Vj
Co,j Cost per item using overtime in period j, = {10,10,15,15}
Ch,j Holding cost per item at end of period j, = 3Vj
uj Stock level at end of period j
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Objective function

Minimize: Z = Z CrjXj + Z Crjyj + Z Co,jVj + Z Cu.jUj
J J J J

Subject to: x; < Cn.j;

Vi < Co,jYj
Xj+Vj+Uj_1 — Uj = dj(Up = 0)
yj = binary

The constraints x; < Cy,jyj (& Xx; — Cn,jy; < 0) ensure that there is no
production in period jif y; =0
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http://folk.ntnu.no/jvatn/eLearning/TPK4161/Examples/Linear_Programming_Production_planning_problem_Fixed_cost_MIP.xlsx
https://jvatn.folk.ntnu.no/eLearning/TPK4191/examples/Python/productionSchedulingFixedCost.py

Python considerations

>

4
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The standard Python LP-solver linprog from the scipy.optimize package
will not handle mixed integer problems

It is possible to use the milp function from the scipy.optimize package
and there are also other packages handling mixed integer linear
programming

In the provided by TPK4191 there is a function
all_binary_combinations(n) which generates all vectors combining n
binary variables

The all_binary_combinations(n) can then be used to handle MILP
problems by fixing one combination of the binary variables, then solve the
LP-problem for the remaining continuous variables, and the proceed to
the next combination to search for better solutions

The indicated approach will work for small problems, but for larger
problems it is required to search for faster algorithms in Python
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https://jvatn.folk.ntnu.no/eLearning/TPK4191/examples/Python/lpLib.py

Thank you for your attention
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