Recall: Markov property

Markov property and Markov process

Definition 1: A process is said to have Markov property if
PriX(s+1t) =jlX(s) =i, X(w) =x(w),0 <u<s)|=[Pr(X(s+1t) =jlX(s) = i)

forallx(u),0 <u<s

R Pr(X(s +t) = j|X(s) = i) @
X(s) X(s+1t)

If the present state of the process is known, the future state of
the process is independent of anything happened in the past.
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Recall: Transition probabilities

Assume that the Markov process is a process fulfills for all i, j
inXxX={0,1,2,..,r}

Pr(X(s+t) =j|X(s) =1) =Pr(X(t) =j|X(0)=i) forall s,t=0

probability of a transition

Independent of global time
from state i to state j {

Depends only on time interval
available for the transition

State s
2

A possible trajectory of a Markov process

1

0 ! : >
51 52 Time

T; is the sojourn time in state i. (the time spent during a visit to state i)

T; is memoryless and must be exponentially distributed.




Recall: Transition rates

The transition rate is defined as
a;j = a; - Pjj for all [+ ]

Since a; is the rate at which the process leaves state i and P;; is the probability that it
goes to state j, it follows that a;; is the rate when in state i that the process makes a
transition into state j.

Since ) j%iP;; = 1, it holds that

r

a; =Zaij

j=0
JE!

Let T;; be the time spent during a visit from state i to j(+ i) , then T}; is
exponentially distributed with rate a;j
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Recall: Transition rates matrix

Arrange the transition rate a;; as a matrix:

Aor r

Gy a; = —a; = —2 ajj
7=0

Ayr JF

» Entries of row i are the departure rates from state i and the opposite
number of the diagonal element —a;;= «; is the total departure rate from
state i. Note that:

* a;isalso the rate of staying in state i.
a;; is the rate of leaving from state i to state j.
> The sum of the entries in row i is always equal to 0, for all i € X.
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Recall: State equations

According to the Kolmogorov forward equations :

r

B = ) ayP(®)

k=0

In matrix term, the state equations for Markov process is written as :

Qoo Qo1 ** Qor
a a a . .
0 | = [Po(®), e, B (2)]

Arog Qr1 *° Qpy

[Po (D), ..., B-(D)] -

or in compact form P(t) A= P(t)
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Recall: How to describe the transition of states? I

Example 1 How to describe the transition of states ?
/ \ State Component 1 Component 2
S' Component 1 3  Functioning Functioning
2 Functioning Failed
-' Component 2 1 Failed Functioning
0

\process Failed Failed

AssUme » Each unit has its own repairer. A repair action brings the unit back to functioning

that: ~ Theunits have constant failure rates 4; and constant repair rates p;, i = 1, 2
» We only consider the events of single transition

eae —(uz + pq) H2 H1 0

_ Az —(Ay + uy) 0 H1
A 0 — (A1 + uz) U2

0 0 0 A Ay -4+ 1)
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Recall: How to describe the transition of states? 11

Example 1 How to calculate the Mean Downing Time (MDT) ?
/ \ State Component 1 Component 2
S' Component 1 3  Functioning Functioning
2 Functioning Failed
-' Component 2 1 Failed Functioning
0

\pmcess Failed Failed

Assume » Each unit has its own repairer. A repair action brings the unit back to functioning

that: ~ Theunits have constant failure rates 4; and constant repair rates p;, i = 1, 2
» We only consider the events of single transition

—(uz + pq) U U1 0 \ g = Uy + Uy
2 =z F o) Y H1
A=
Ay 0 —(Ay + i) i“ ) departure rate fro;n state 0
0 A4 A; —(4 + 1) E(TO) =
M1+ U

Mean Downing Time (MDT):
Sojourn time of state 0
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Recall: How to describe the transition of states? I11

Example 2

If the two components are independent and identical

Description

e "\ state
S' Component 1 2 Both components are functioning

One component is functioning,

-' Component 1 1 and one is failed
0 Both components are in a failed state

\Process

» We have only a single repair crew that has adopted a first-fail-first-repair policy

Ai;::e » The units have the same constant failure rate 4 and constant repair rate u
» We only consider the events of single transition
iy u 0 The mean sojourn times in the three states are
L R LU=

shen.yin@ntnu.no

MDT:
Sojourn
time of
state 0



Markov Process: Time dependent solution

According to the state equations, it follows
P(t) = P(0)etA

Although this is a very elegant solution, it is not very attractive since taking the
exponential of a matrix is not that easy. Rewrite state equation as

P(t) _ P(t+At) P(t) _

AHO P(t)A

P(t + At)= P(t)[AAt+]]

P(t + At)= P(t) [Mt + I] [AM + I]

2n
P(t + At)= P(t) [AM + 1] calculation efficiency
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Markov Process: Steady state solution

P(t) - 0 when t - o, hence P(t)A = 0. Note that A is not full rank due to definition.

Qoo Qo1

10 QA11
[POJP1""1PT]' : :

arO arl

Replace it by ¥’_, P, = 1, we have

1 Ap1

1 a
[Po, Py, -, B H

1 a4

= [0,0, ..., 0]
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Markov Process: How to calculate time dependence probabilities? I

Example 3 How to calculate the time dependent probabilities?

The main benefit of time-dependent probabilities is that we can study how the
probabilities (e.g., availability) change with time.

To find the time-dependent probabilities for a specific transition model, we have to:

» Stepl: Set up the transition matrix
» Step2: Set up the differential equations (state equations)
» Step3: Solve these equations
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Laplace transform I

Laplace transform

* is an integral transform that converts a function of a real variable t (often time) to a function
of a complex variable s (complex frequency).

« The transform has many applications in science and engineering because it is a tool for
solving differential equations.

fr(s)=LI[f®] =[] e stf()dt
LIff®)]=sLI[f®)]—f0)=sf"(s)—f(0)
L[e*]=1/(s—a)
L]1] =1/s
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Laplace transform II

Function Time domain Laplace s-demain Funclion Time domain Laplace s-domain
f(t) = L7H{F(s)} F(s) = L{f(t)} f(t) = L7{F(s)} F(s) = L{f(t)}
unit impulse a(t) 1 unit impulse a(t) 1
delayed impulse 8t — 1) e delayed impulse d(t — 1) g
. 1 ) 1
unit step u(t) - unit step u(t) -
5 -3
] L _ ) 1
delayed unit step u(t — ) —e delayed unit step u(t — 1) —e
1 1
ramp tult) - ramp tult) -
5 5
m.l_'n power £ - u(t) n! ntl_1 power £ - u(t) n!
(for integer 1) ghtl (for integer n) gl
gth power - u(2) Tig+1) gth power - u(t) T{g+1)
(for complex g) g+l {for complex g) git1
1 1 1 1
nth root Y- ult) —iT (— 4 1) nth root ST - ult) —T (— + 1)
& 1 L &% +1 Th
th ith f hift the . u(t) n th ith fi hift t"e . u(t) n
nth power with frequency shi e *u —_— nth power with frequency shi e *ou —_—
P auency (8 + a)nt! P aueney (5 + a)nt
delayed rth power n —aft—7) nl.e™ ™ delayed sith power n —alt—7) nl.e™™
with frequency shift (#—7)% u(t—1) (8 + exjntl with frequency shift (t=7)% ru(t—1) (8 + ajtl
exponential decay e ™ . u(t) ! exponential decay e . u(t) !
s+ s+ o

Selected Laplace transform: https://en.wikipedia.org/wiki/Laplace transform
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Markov Process: How to calculate time dependence probabilities? I

Example 3 How to calculate the time dependent probabilities?

Component 1 State Component 1 A

l 1 Functioning o o

0 Failed
U
Assume that: » The component is functioning at time O, i.e., P;(0) = 1
" - _(—H 2
the transition matrix: A= ( 1 _2 )
the state equation: [Py (t), PL(t)] - (_/{t —M/l ) = [PO (1), P, (t)]
with initial state Py(0) =0,P,(0) =1
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Markov Process: How to calculate time dependence probabilities? 11

Example 3 How to calculate the time dependent probabilities?

Laplace transform:

fr&)=L[f®O] =[] e stf(t)de
LI[If'®O]=sLI[f()]—f0)=sf*(s)—f(0)

PP (L)) =[sPs (9)sPr ()~ 11

u 1

Py (S)=M+A+S S u+A+s
the solution:
A A U A
P.(t) = —_ e_(”+a)t P.(t) = + e—(ﬂ+}l)t
o(t) u+1 u+2 1 (t) u+1 u+2

P, (t) is the availability of the component
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Markov Process: How to calculate time dependence probabilities? 111

Example 3 How to calculate the time dependent probabilities?

Component 1 State Component 1 A

l 1 Functioning ° o

0 Failed
u
Assume that: » The component is functioning at time O, i.e., P;(0) = 1

1 Availability P, (t)
0.8 . A=1
0.7 _ U= 10
031 1=1 1 Survivor function of the component
02 u=0 R(t) =Pr(T >t) =e

00 0!5 '; 1.I5 2I 2;5 3

Time.t
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Markov Process: How to calculate the steady state probabilities? I

Example 4 How to calculate the steady state probabilities?

The Markov models often enter a steady-state after few hours, typically 2-3 times the
mean repair time. In this case, it may be of more interest to study steady-state
probabilities rather than time-dependent P(t).

To find the steady-state probabilities for a specific transition model,
we have to:

» Stepl: Set up the transition matrix (as we did for before)
» Step2: Set up the steady state equations P - A = 0
» Step3: Solve these equations, bearing in mind that

j=o B =1
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Markov Process: How to calculate the steady state probabilities? 11

Example 4 How to calculate the steady state probabilities?
/ \ State Component 1 Component 2
Sl Component 1 3  Functioning Functioning
2 Functioning Failed
-l Component 2 1 Failed Functioning
0

\Process Failed Failed

AssUMme » Each unit has its own repairer. A repair action brings the unit back to functioning

that: ~ The units have constant failure rates 4; and constant repair rates p;, i = 1,2
» We only consider the events of single transition
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Markov Process: How to calculate the steady state probabilities? I11

Example 4 How to calculate the steady state probabilities?
/ \ State Component 1 Component 2
Sl Component 1 3  Functioning Functioning
2 Functioning Failed
-l Component 2 1 Failed Functioning
0

\Process Failed Failed

AssUMme » Each unit has its own repairer. A repair action brings the unit back to functioning
that: ~ The units have constant failure rates 4; and constant repair rates p;, i = 1,2

» We only consider the events of single transition

the steady state equations :

—(up + py) U H1 1
A7 —(A2 + p1y) 0 1

Py, P, P, P =10,0,0,1
0 A, 1, 1
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Markov Process: How to calculate the steady state probabilities? IV

Example 4 How to calculate the steady state probabilities?
/ \ State Component 1 Component 2
Sl Component 1 3  Functioning Functioning
2 Functioning Failed
-l Component 2 1 Failed Functioning
0

\Process Failed Failed

AssUMme » Each unit has its own repairer. A repair action brings the unit back to functioning

that: ~ The units have constant failure rates 4; and constant repair rates p;, i = 1,2
» We only consider the events of single transition

the steady state equations :
—(uz + U1 Py + AP + 4P, =0
paPy — (A + uy )Py + 44P3 =0
1Py — (A1 + up) P, + A,P3 = 0
P0+P1+P2+P3 = 1
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Markov Process: How to calculate the steady state probabilities? V

Example 4 How to calculate the steady state probabilities?
/ \ State Component 1 Component 2
Sl Component 1 3  Functioning Functioning
2 Functioning Failed
-l Component 2 1 Failed Functioning
0

\Process Failed Failed

AssUMme » Each unit has its own repairer. A repair action brings the unit back to functioning

that: ~ The units have constant failure rates 4; and constant repair rates p;, i = 1,2
» We only consider the events of single transition

the solution:
P _ Allz . All’lZ
0= Py =
(A1 + u) Ay + pp) (A1 + u) (A + pz)
A
P2 _ Ui P3 _ U1 U2

(A1 + u ) Az + 1) (A1 + u )z + 1)
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Markov Process: How to calculate the steady state probabilities? VI

Example 5: Consider a workshop with three critical machines. Each machine has a
constant failure rate equal to A and there is one repair man that can repair failed
machines. The rate of repair is g meaning that the mean repair time is 1/p. The state
variable represent the number of failed machines. Note when the system is in state 3
and all machines are functioning, there are 3 machines that potentially may fail,
hence the transition rate from state 3 to state 2 equals 3A. In state 2 there is only two
machines that may fail, hence the transition rate from state 2 to state 1 is 2A. Since
there is only one repair man, all the above-diagonal elements equal the repair rate p.

0
0
0 21 —2A-pu u
-3

0 0 31 A

Steady state probabilities
State P;

In case of A=0.001, u=0.1.
Full production is achieved in 97% of the operating
3 0.9703 hours. For some 3% one machine is down for

2  2.91E-02 , _ "
1 5.89E-04 corrective maintenance, whereas the probability of
0  5.82E-06 two or more failed machines is very low.
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Markov Process: Visit frequency

» The visiting frequency, v, is one of several system performance that we define
for the steady-state situation. The visiting frequency for state j, vj, is the

unconditional transition rate into state j.

de
, and departure rate, v;

> Forarrival rate, v;""

de
poer

b = afpf

arr

Vi = YkejarjPr

» Since in the long run we should fulfil the balance equations stating that the
total rate into a state equals the total rate out of that state we get:

Vj = P = YkxjQ;Pr
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Markov Process: Mean time to first passage to a given state |

In some situation we would rather find the mean time to the first time the system
enters state j. To solve this problem, we can make state j an absorbing state. An
absorbing state means that we can not leave that state. To make a state absorbing we

just remove all arcs out of that state. (by removing the j-th row and the j-th column of
transition matrix, denote as A,.q)

Laplace transform: A tool to solve differential equations

fr &) =Lf®]= [ e stf)de
LI[Iff)]=sLI[f)]—f0)=sf*(s)—f(0)

R*(s)=L [R(O] = [, e StR(t)dt
$=0-R(0)= [ e °R(t)dt =[ " R(t)dt = MTTF

MTTF = R*(0)= Zl 0% ] P;(0)
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Markov Process: Mean time to first passage to a given state II

Example 6: In a workshop there are two production lines in parallel. Each production line has a critical
machine with constant failure rate A = 0.01 failures per hour. There is one (common) spare machine that can
replace a failed machine. We assume that switching time can be ignored. The repair rate of the machines is
assumed constant and equal to u = 0.2 per hour. Only one repair man is available.
NB: Only one repair man is available (which means during the original machine does not works, i.e. during
the worker repairs on it, it will no further possible repairment for the stand-by machine if it dose also failed
at the same time slot. Thus, no link from state O to 1. In addition, repair rate from state O to 2, is used to
show an example how to calculate visiting frequency of state 0. The reality situation/assumption might be
different.)
= Draw the Markov diagram with the transition rates
= Visiting frequencies
» Mean time to first system failure
State Explanation

2 Active pump is running 2 4a

1 Active pump failed, stand-by pump running p K E

0 1

Both pumps failed g

Rate Explanation

A1 failure rate of the active pump

Ag  failure rate of the standby pump (while running, 15 = 0 in standby position)
y1  repair rate of the active pump

up  repair rate when both pumps are in a fault state
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Markov Process: Mean time to first passage to a given state I11

State Explanation P

1 Ay
2 Active pump is running E E
1 Active pump failed, stand-by pump running g

0 Both pumps failed

Rate Explanation

A1 failure rate of the active pump

Ao failure rate of the standby pump (while running, 13 =0 in standby position)
@1 repair rate of the active pump

up  repair rate when both pumps are in a fault state

@oo @o1 a2 — B 0 1B
puBAidz
A—{am an 012“ A2 —Aa—m1 vo =—Ppagg = —Po(—pup) =
Ao+ ug)+ up(As + 1y)
azp agz1 a2 0 A1 -A1 1\ A2+ Up)+ HplAa T H1
~HB 0 1 * —A2— 1 H1 | _
[Po,P1,Psl-| A2 —Aa—m 1‘:[0,0,1] [P1,P3] PR R Ul
0 A1 1
pp(Ag + py)
Py = MTTFq = P* + P% = (A + Ao + 1)1 A
2 A1(Ag + pug) + up(Ag + 1) s =P +Py =(A1+ A2+ p1)(A143)
P, = IuB'JLl
1_
A1(Ag + up)+ pup(Az + 1)
Az
Py =
A1(A2 + pp)+ up(As + 1)
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